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Abstract. We study computational aspects of the tight closure of a homo- 
geneous primary ideal in a two-dimensional normal standard-graded domain. 
We show how to use slope criteria for the sheaf of syzygies for generators of 
the ideal to compute its tight closure. In particular, our method gives an algo- 
rithm to compute the tight closure of three elements under the condition that 
we are able to compute the Harder-Narasimhan filtration. We apply this to 
the computation of (x a , y a , z a )* in K[x,y, z]/(F), where F is a homogeneous 
polynomial. 
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Introduction 

Let I C R denote an ideal in a Noetherian domain R over a field K of characteristic 
p > 0. The tight closure of / = (fx, ... , f n ) is again an ideal defined by 

I* = {/ G R : 3c / : cf q G (ff, ...,f%) holds for almost all q = p e } . 

The theory of tight closure was developed by Hochster and Huneke (see ^U], [TT] . 
|12j . |20| ) and has many applications in commutative algebra, homological algebra 
and algebraic geometry. Its strength lies in the interplay of inclusion and exclusion 
results for tight closure. 

Huneke writes, "Tight closure is very difficult to compute; indeed that is necessarily 
the case. It contains a great deal of information concerning subtle properties of 
the ring and the ideal" Basic Notions]). The problem lies in the fact that due 
to the definition we have to check infinitely many conditions. 
If the ring R is regular, then 1 = 1* holds for every ideal ICR. If the ring 
is one-dimensional, then I* = R n IR nor (the normalization), so in these two 
cases the computation of /* is easy (at least there is a translation to other more 
elementary computational problems). But even in the case of a normal two- 
dimensional standard-graded domain R over an algebraically closed field K (e. 
g. R = K[x,y, z]/(F), F homogeneous) very little is known. The tight closure of 
a homogeneous parameter ideal (/i, $2) C R is given by 

(/l) f2)* = {fl, f2) + - R >deg(/i)+dog(/ 2 ) 

(in characteristic or p ^> 0) . This is the Strong Vanishing Theorem of Huneke and 
Smith (|13|1. which has been generalized for parameter ideals in higher dimensions 
by Hara ([S])- 

For a homogeneous i? + -primary ideal / = (/1, . . . ,/ n ) C R not much is known 
about the tight closure (/1, . . . , f n )* for n > 3. A difficult but elementary com- 
putation due to Singh shows that xyz G (x 2 , y 2 , z 2 )* holds in the Fermat cubic 
given by x 3 + y 3 + z 3 = (US], [El). Smith has given the two degree bounds 
^>2(max 1 {de g (/ l )}) ^ J * and - R >deg(/i)+...+dc g (/ n ) Q I* (ED)- Smith also proved a 
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degree bound from below: if deg(/o) < min{deg(/i), . . . ,deg(/ n )}, then /o G I* if 
and only if /o E I already. All these bounds are rather coarse for non-parameter 
ideals. If the fi have the same degree d, then these degree bounds say nothing 
between d and 2d. In particular they do not yield anything interesting in the 
example of Singh. 

Another approach was initiated by Katzman and further developed by Sullivant. 
They use an algorithm which computes, given an ideal /, two ideals I\ and li 
such that 1\ C I* C J 2 . If both approximations coincide, then the algorithm 
gives the right answer for a fixed prime number p. The computations of Sullivant 
(implemented in Macaulay2) of (x 3 ,y 3 ,z 3 )* for the Fermat rings K[x,y, z]/(x d + 
yd _|_ z d^ £ or p < 53 anc i d < 26 are striking and have led to some interesting 
observations and conjectures. Of course one cannot expect any general result by 
this method, and the lower bound 1\ computes rather the Frobenius closure of the 
ideal. Therefore the algorithm does not give the right answer for (x 2 ,y 2 , z 2 )* for 
p = 1 mod 3. 

In this paper we want to attack the problem of computing the tight closure of 
an ideal from another point of view: using the slope criteria for vector bundles. 
This rests upon the geometric interpretation of tight closure via vector bundles 
and projective bundles which we have developed in and [2]. This paper will 
emphasize the computational usefulness of this approach. 

The main object to consider in this approach is the sheaf of syzygies of total 
degree m for homogeneous ideal generators /i, . . . , f n . This is a locally free sheaf 
Syz(m) on the smooth projective curve Y = Proj R. The slope properties of this 
sheaf are crucial for the underlying tight closure problem. So we may forget the 
definition of tight closure and struggle instead with the notions of slope, minimal 
and maximal slope, semistability and the Harder-Narasimhan filtration of this 
sheaf of syzygies. This is still a difficult task, however we can use many more 
tools from algebraic geometry to attack the tight closure problem. We recall this 
geometric interpretation and the resulting slope criteria for tight closure briefly in 
Section ^ 

In fact we work with the notion of solid closure (denoted I*), which coincides 
with tight closure in positive characteristic and gives a satisfactory notion for 
characteristic zero in dimension two. The slope conditions are easier to formulate 
in zero characteristic; hence we restrict largely to this case in the introduction. 
If the sheaf of syzygies Syz(m) is semistable, then we have an easy numerical 
criterion for tight closure: the common degree bound for inclusion and exclusion 
is given by dcg ^ 1 )+ , ^+ deg ^ n ^ , if the sheaf of syzygies is not semistable, then we 
can argue along the Harder-Narasimhan filtration of Syz(m). This yields the 
first step of an algorithm to compute the tight closure. This algorithm gives a 
complete answer if the maximal destabilizing subsheaf of the sheaf of syzygies 
is itself semistable. This condition is of course fulfilled if the rank of Syz(m) is 
two; hence we get an algorithm to compute the tight closure of a homogeneous 
-R_i_-primary ideal generated by three elements (section [2J) — at least if we are 
able to compute the Harder-Narasimhan filtration, which means for rank two to 
find the invertible subsheaves of maximal degree (equivalently, to compute the e- 
invariant of the corresponding ruled surface). This method works also in positive 
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characteristic and we get (less complete) results about the plus closure (Section 

n. 

In Section 0] we study the global sections of the sheaf of syzygies for homoge- 
neous ideal generators. Their existence and nonexistence in certain degrees has 
many consequences on the slope properties of Syz(m) and therefore on the tight 
closure. For example, if there does not exist a syzygy ^ of total degree k 
for the homogeneous primary elements fx, f^, fy, then R m C (fx, f2, fs)* holds for 
m > ^1+^2 + ^3 — k + ^r— , where g denotes the genus and 5 the degree of Y (Corol- 
lary 03J). The nonexistence of global syzygies also implies exclusion results: if there 
does not exist a non-trivial global syzygy for fx, ■ ■ ■ , f n G R = K[x,y, z]/(F) of 
degree k, then (fx, ... , fn)* H R m = (/l, • • • , fn) H R m holds for m < k — 5 + 2, 
where 5 is the degree of F (Proposition 14. lfl|) . 

On the other hand, the existence of global syzygies also yields results about the 
tight closure (Section [Sj). If there exists a primary syzygy (that is, a syzygy such 
that the quotient is locally free) for fx, fi, fz of total degree k < (dx + d 2 + ds)/2, 
then f G (fx, / 2 , /3)* holds for m > dx + d 2 + d 3 - k and f G (fx, fi, h)* if and 
only if /o G (fx, fi, h) for m < k (Corollary [OJ). 

In SectionElwe consider the tight closure (x a , y a , z a )* in R = K[x, y, z]/(F), where 
F is a homogeneous polynomial of degree 5 defining a smooth projective curve. 
Our main result is that (x a , y a , z a )* = (x a ,y a ,z a ) + R > s a holds for 5 > 3o — 1 

(Corollary I6.3|) in characteristic zero. In positive characteristic we show that R m C 
(x a , y a , z a )* (and even in the Frobenius closure) holds for m > |a, S > 3a — 1, 
p > <5 — 3 and that i? m n (x a ,y a ,z a )* = R m n (x a ,y a ,z a ) holds for m < |a, 
5 > 3a - 1, p > (Corollary E5J. 

In Section[7|we have a closer look at (x 2 ,y 2 , z 2 )* and (x 3 , y 3 , z 3 )* in if [x, y, z]/(.F) 
for F of low degree 5. We extend some of the general results to degree 5 < 3a — 1 
and we prove some of the conjectures of Sullivant to which he was led by his 
computations of (a? 3 , y 3 , z 3 )* in the Fermat rings. 

I would like to thank the referee for careful reading and useful remarks. 

1. Slope criteria for tight closure 

We recall the main results of [5] . Let R denote a normal two-dimensional standard- 
graded if -domain over an algebraically closed field K and let fx,---,fn denote 
homogeneous i? + -primary elements of degree d{ = deg(/j). These elements define 
the locally free sheaf of syzygies Syz(m) on the smooth projective curve Y = 
Proj R given by the short exact sequence 

n 

— ► Syz(m) — > Oy(m - d l ) h ^4 n Y (m) — ► . 

i=l 

Another homogeneous element fo of degree m yields via the connecting homo- 
morphism a cohomology class c = 6(fo) G H (Y,Syz(m)). This class corre- 
sponds to an extension (set S = Syz(m)) c G H 1 (Y,S) = Ext l (Oy, S), say 
-> S S' Oy ->■ 0, or -> V -> V -> A Y ->■ if written for geomet- 
ric vector bundles with sheaf of sections S. The main equivalence is now that 

(1.1) f G (fx, ■ ■ ■ , fn)* if and only if ¥(V') - F(V) is not an affine scheme , 

where P(V) denotes the projective bundle corresponding to the vector bundle V 
(this is P(5 V ) in the notation of [3] or [HI H-7]). This equivalence rests upon the 
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interpretation of tight closure as solid closure and the geometric interpretation of 
forcing algebras; see [H| and We will work with solid closure denoted by /* in 
the following even if we speak about tight closure. It is the same as tight closure 
in positive characteristic. 

For the afhneness of P(V') — P(V) given by a class c S ^(Y, S) we have proved in 
P] several sufficient and necessary slope criteria. Recall that the slope of a locally 
free sheaf S is defined by n(S) = deg (5)/ rank(5). Every locally free sheaf S has 
a unique Harder- Narasimhan filtration (see [S], ^1], ^S]). This is a filtration of 
locally free subsheaves 

= S C Si C . . . C S s = S 

such that Si/Si-i is semistable for every i = 1, . . . , s. Here S\ is called the max- 
imal destabilizing subsheaf. The slopes of these semistable quotients form a de- 
creasing chain [i\ > . . . > fj, s . We call /U m in(5) = /j, s = /j,(S/S s -i) the minimal 
slope and /U max (5) = Hi(S) the maximal slope. This is the same as /i m in(«S) = 
min{/i(Q) : S — > Q — > locally free quotient sheaf} and /x max (5) = max{/i(T) : 
TC5 locally free subsheaf}. For the dual sheaf we have /U max (5 v ) = — n m \ n {S). 
A locally free sheaf S is called semistable if /x m j n (5) = ^ max (5). 

In positive characteristic we need the following definition. 

Definition 1.1. Let Y denote a smooth projective curve over an algebraically 
closed field and let S denote a locally free sheaf. Then we define 

A*max(<5) = sup{ ^™ ax ^ - 1 f : Z — > Y finite dominant i^-morphism} 

deg [ip) 

and 

Mmln(<5) = inf{ ^™ m ^ - 1 ip : Z — > V finite dominant iC-morphism} . 

deg (</?) 

These numbers exist and give nothing new in characteristic zero. In positive 
characteristic however they may differ from /U max (5) and // m i n («S). We say S is 
strongly semistable if p- max (S) = p, m i n (S). This is equivalent to the property that 
every Frobenius pull-back of S is semistable; see §5]. 
With these notions our main slope criteria for affineness are the following. 

Theorem 1.2. Let Y denote a smooth projective curve over an algebraically closed 
field K, let S denote a locally free sheaf on Y and let c E H 1 (Y,S) denote a 
cohomology class given rise to P(V') — P(V). Then the following hold. 

(i) Suppose that the characteristic of K is zero. If /i m ax(<5) < and c ^ 0, 
then P(V') - P(V) is affine. 

(ii) Suppose that the characteristic of K is zero. Suppose that there exists a 
sheaf homomorphism ip : S — > T such that T is semistable of negative slope 
and ^ ip(c) G H l {Y,T). Then ¥{V) - F(V) is affine. 

(iii) If fiuaniS) > 0, then F(V) - P(V) is not affine. 

(iv) lfc = 0, then P(V') - P(V) is not affine. 

Proof. See Corollary 3.2, Theorem 3.4, and Theorem 4.4] ((iv) is trivial). □ 

The condition in Theorem ll.2f i) implies that the dual sheaf S v and also the exten- 
sion 5 /v given by c ^ is ample (0 Theorem 2.2]). This means by definition that 
the divisor P(V) C P(V') is ample and hence its complement is affine. Ampleness 



COMPUTING THE TIGHT CLOSURE IN DIMENSION TWO 



5 



and affineness are open properties: if we have a smooth projective relative curve 
Y over Spec D, where Z C D is a finitely generated Z-algebra, and if S is locally 
free on Y, then the affineness of P(V^) — P(V^) over the generic point r/ £ Spec D 
implies the affineness of P(V) — P(V) over an open non-empty subset of Spec D. 
This observation allows us to deduce from results in characteristic zero results for 
characteristic p>0, in particular when the situation is given by a tight closure 
problem. From these affineness criteria we get the following slope criteria for tight 
closure. 

Theorem 1.3. Let R denote a two-dimensional normal standard- graded domain 
over an algebraically closed field K. Let (fx, ■ ■ ■ , f n ) denote an R + -primary ho- 
mogeneous ideal given by homogeneous ideal generators of degree di = deg(/j). 
Let Y = Proj R denote the corresponding smooth projective curve of degree 5 = 
degOy(l). Let Syz(m) denote the locally free sheaf of syzygies of total degree m. 
Set Ai m ax(/i, ■■■,fn) ■= ^max (Syz(O) v ) and define fi max (fx, /„), /imin(/l, ■ ■ ■ , fn) 
and /Lt m ui(/i, • • • , fn) in the same way. Let fo denote another homogeneous element. 
Then the following hold. 

(i) //deg(/ )> (fx, • • • , fn)/S, then foG (fx,..., /„)*. 

(ii) Suppose that the characteristic of K is zero or p> 0. 

If deg(/ ) < Mmin(/i, • • • , fn)/S, then f e (fx, ■ ■ ■ , fnf if and only if f e 
{fx, ■ ■ ■ ,fn)- 

(iii) Suppose that the characteristic is zero. If the sheaf of syzygies Syz(m) is 
semistable, then 

(fx,-- - , fn)* = (fx, ■ ■ ■ , fn) + R > d 1 +...+d n . 

— n-1 

Proof. These statements follow from Theorem 11.21 see Theorem 6.4, Theorem 
7.3 and Theorem 8.1] □ 

Remark 1.4. Note that detSyz(m) = Oy((n — l)m — dx — ■■■ — d n ) and that 
deg(Syz(m)) = ((n — l)m — d\ — . . . — d n )5, where 5 is the degree of the curve Y. 
Therefore 

A*min(/l) ■•-,/«)< ^(Syz(0) V ) = dl + ' - + — 5 < /i m ax(/l, • • • , fn) ■ 

n — 1 

For the actual computation of tight closure we have to find bounds for the minimal 
and the maximal slope for the sheaf of syzygies and criteria for semist ability. 

2. An ALGORITHM FOR LOW RANK 

In this section we describe the first steps of an "algorithm" to decide whether an 
open subset P(V) — P(V) given by a cohomology class c G ^(Y, S) is affine or 
not, where S is the sheaf of sections in the geometric vector bundle V. It always 
gives a complete answer if the maximal destabilizing subsheaf of S is semistable, 
hence in particular if the rank of S is two. This implies that it is possible to 
decide whether /o 6 (fx, f2, fs)* holds or not, at least if we are able to compute 
the Harder-Narasimhan filtration of the sheaf of syzygies. We assume that the 
characteristic of K is zero. The Harder-Narasimhan filtration of S, 
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splits into short exact sequences 

— > Sj—i — > Sj — ► Sj/Sj—i — > , 

where the quotients Sj/Sj-i are semistable with slope fij(S) = (i(Sj/Sj—i). The 
algorithm uses the fact that for a cohomology class Cj G H 1 (Y,Sj) we have either 
^ cj G H (Y,Sj/Sj-i) or Cj = i(cj_i), where Cj_i G i? 1 ^ <%-l)- This argu- 
mentation scheme requires arbitrary subsheaves, so even if we start with a sheaf of 
syzygies S = Syz(/i, . . . , f n )(m) and a cohomology class c G H l (Y, Syz(m)) given 
by another homogeneous element, arbitrary sheaves and cohomology classes come 
naturally into play. 

If s = 1, then S is semistable and everything is clear by Theorem ll.2f i). (iii). If 
s = 2, then we have an exact sequence 

— >Si — >S — > Q — ► , 

where Si and Q are semistable of different slope. In this case the algorithm gives 
a complete answer. 

We present the algorithm in the following diagram. Note that for s = 2 we have 
(j, s -i(S) = m{S) = Hmax(S). So if this number is < 0, then we may conclude that 
P(V) - P(V) is affine by Theorem Q[i). 



c G H 1 (Y, S) (given by /„, S = Syz(/ 1 ,...,/„)) 



c= 



•c^ 




G2pv)) 



c = 0- 



Hs(S) = jU m in(«S) < 
C = 

im(c) tHifrS/S.-!) 
c^O 



/ia-l(5) > 





c = im(c 




c._i ^ 



ijOfrii) on 



c s _i = 



Ai a -i(5) < -^JE2ti) if s = 2) 



C S -1 ^0 



•(^n-p^) 

is not affinc 




P((^_ 1 ) v )_ P(< sy_ i) 

is affinc 



c s -i = im(c s _ 2 ) 

eH\Y,S s _ 2 ) 

Cs-2 ± 



¥(V) - ¥(V) 
is not affine 



etc 



*(V) - P(V) 
is affine 



(/o €(/!,...,/„)*) 



(/O0 (/!,...,/»)*) 
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3. The tight closure of three elements 
We fix the following situation. 

Situation 3.1. Let R denote a two-dimensional normal standard-graded domain 
over an algebraically closed field K. Let f\,f2,h £ R denote three homogeneous 
i? + -primary elements of degree di = deg(/j). Let Y = Proj R denote the corre- 
sponding smooth projective curve of degree 5 = degOy(l) and of genus g and let 
Syz(m) denote the sheaf of syzygies of total degree m for /i, /2, /3- 

The sheaf of syzygies Syz(m) on Y has rank two; hence we may decide in char- 
acteristic zero due to Section |21 whether P(V') — P(V) (given by the cohomology 
class <5(/o) = c 6 H 1 (Y, Syz(m))) is affine or not. Therefore we may compute 
(/lj fi-, fs)*, at least if we can compute the Harder-Narasimhan filtration of Syz. 
In positive characteristic we have to refine this algorithm, since the Harder-Nara- 
simhan filtration is in general not stable under the Frobenius pull-back. For a 
locally free sheaf S we set 

Ai(<S) = max{deg(£) : £ is an invertible subsheaf of 5} 

and 

pi(S) = min{deg(£) : £ is an invertible quotient sheaf of 5} . 

For a locally free sheaf S of rank two we have p max {S) = max{Ai(5), deg(5)/2} 
and // m in(«S) = min{/9i(«S), deg(5)/2}, and pi(S) = deg(5) — Ai(«S). The sheaf S 
is semistable if and only if Ai(<S) < deg(«S)/2. 

If we find a subsheaf £ C S such that deg(£) > deg(5)/2 and such that the 
quotient is itself locally free (i.e., £ is a subbundle), then deg(£) = Ai(«S) = 

Pmax 

(S). 

Lemma 3.2. Let S denote a locally free sheaf of rank two on a smooth projective 
curve Y . Suppose that we have a short exact sequence — > £ — > S — > M. — > 0, 
where £ and M. are invertible sheaves. Then \\{S) < max(deg(£), deg(Ai)). 
If furthermore deg(£) > p(S) = deg(5)/2, then Ai(5) = deg(£) and pi(S) = 
deg(M). 

If deg(£) = p(S), then S is strongly semistable. If deg(£) > p(S), then S is not 
stable and £ is the maximal destabilizing subsheaf. 

Proof. Let denote an invertible sheaf and let ip : N — » S be a sheaf morphism. 
If deg(AA) > deg(A4), then the composed morphism N — > M. is zero and ip factors 
through £. But then deg(AA) < deg(£) or cp is zero. So suppose that deg(£) > 
p(S). Then deg(M) = deg(S) - deg(£) < deg(5) - deg(5)/2 = deg(5)/2, and 
hence deg(£) > p(S) > deg(A^). Thus £ is a subbundle of maximal degree and M. 
is a quotient invertible sheaf of minimal degree. The other statements follow. □ 

We now have the following two alternatives. The locally free sheaf S of rank 
two on Y is strongly semistable. Then /Z max (<S) = p{S) = Pm\a{S) and the tight 
closure is easy to compute by the numerical criterion Theorem 11.31 Otherwise 
S is not strongly semistable. Then there exists a finite morphism tp : Y' — » Y 
such that there exists a short exact sequence on Y', — ► £ — > S' — > M. 0, 
where deg(£) > p(S'), S' = ip*(S). In this case the pull-back of this sequence for 
another morphism ip : Y" — * Y' also fulfills the condition in Lemma I3.2| hence 
Aimax(5") = deg(V>*(£)) = deg(£) deg(^) and thus /x max (5) = deg(£)/ deg(^). 
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If we have a short exact sequence for the sheaf of syzygies for three elements 
fl,h,h, then we can often compute / 2 , hf and (fx, f 2 , fsV (the plus closure) 
according to the following proposition. 

Proposition 3.3. Suppose the notation and situation of 13.11 Let — > C — > 

Syz(m) — > — > denote a short exact sequence, where C and «M are invertible. 
Let fo denote another homogeneous element of degree m and let c G H l (Y, Syz(m)) 
denote its forcing class. Let c denote the image of c in H 1 (Y, A4). Then the 
following hold (suppose in the first two statements that the characteristic of K is 
zero or p 0) . 

(i) // deg(£) < and deg(M) < and c + 0, then f (fx, f 2 , f 3 )\ 

(ii) Ifdeg(M) <0andc^0, then f Q $ (fx,f 2 , / 3 )* 

(iii) Ifc = and deg(£) > 0, then f Q G (fx, f 2 , / 3 )*- 

(iv) // deg(£) > deg(M) > 0, then f G (A, / 2 , / 3 )*- 

(v) Suppose that the characteristic of K is positive. Suppose that c = or that 
A4 is trivial or that M has positive degree. Moreover suppose that C is 
trivial or has positive degree. Then fo G (fx, f 2 , f 3 ) + . 

Proof. We use the equivalence that f (/i, / 2 , / 3 )* if and only if P(V') - P(V) 
is affine (1.1), where V is the vector bundle corresponding to the sheaf of syzygies 
and V is the extension of V given by the forcing class, (i) The maximal slope of 
Syz(m) is < 0; hence the result follows from Theorem ll.2f i'l. 

(ii) This follows from ll.2T ii). 

(iii) If c = 0, then there exists a cohomology class e G H l (Y,C) mapping to c. Let 
£ denote the extension of C defined by this cohomology class e. If fo (fx, f 2 , fs)*, 
thenP(F / )-I !) (^) would be affine and then F((C') V )-¥(C V ) C F(V')-¥(V) would 
be affine as a closed subscheme, but this is not true since deg(£) > and Theorem 
Qiii). 

(iv) The condition implies in connection with Theorem 13 . 21 that /x m i n (Syz(m)) > 0; 
hence the result follows again from Theorem II .2f iii) . 

(v) After applying a finite mapping (p : Y' — > Y , we may assume that c = 0. 
For deg(A4) > this can be done by a Frobenius power and for M = Oy this 
is due to p] Proposition 8.1]. Therefore we may assume that <p* (c) stems from a 
cohomology class e G H l (Y' , ip*(C)). Due to the assumptions on C we can do the 
same with e; hence there exists altogether a finite mapping Y" — > Y such that the 
pull-back of c is zero. Therefore fo G (/i,/2,/s) + - D 

We may apply Proposition 13.31 to the short exact sequence given by the Harder- 
Narasimhan filtration to compute the tight closure of (/i,/2,/3) if Syz is not 
strongly stable. 

Corollary 3.4. Suppose the situation and notation of l3.ll Suppose that the sheaf 
of syzygies Syz is not strongly stable, and let tp : Y' —> Y denote a finite dominant 
morphism of smooth projective curves such that there exists a short exact sequence 

— ► C(m) — ► cp*(Syz(m)) — ► M(m) — ► 

onY' , where deg(£(m)) > (Syz(m))) > deg(M.(m)). Let fo be another homo- 
geneous element of degree m, let c denote its forcing class in H l (Y' , <£>*(Syz(m))) 
and let c denote its image in H 1 (Y,M.(m)). Then we may decide whether fo G 
(fx, /2, A)* in the following way (assume in the first and second statement that the 
characteristic is zero or p^> 0). 
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(i) 7/deg(£(m)) < and c ± 0, then f (/i,/ a ,/ 3 )* 

(ii) //deg(£(m)) > 0, deg(7W(m)) < and c + 0, then f (/i,/ 2 ,/ 3 )*- 

(iii) 7/deg(£(m)) > 0, deg(7W(m)) < and c = 0, tfjen / € (/i, f 2 , / 3 )*- 

(iv) //deg(JW(m)) > 0, tfien / G (/i,/ 2 ,/ 3 )*. 

Proof. This follows from Proposition 13.31 □ 

Remark 3.5. Suppose the situation of 13. 41 and suppose that the characteristic is 
positive. Then we need in (iii) and (iv) stronger conditions to conclude that /o G 
(/l, /2, / 3 ) + - For (iii) we need that C(m) is trivial or that deg(£(m)) is positive. 
For (iv) we need that M is of positive degree. This follows from Proposition ^. 3f v). 

If the sheaf of syzygies is decomposable, that is, the sum of two invertible sheaves, 
then the decomposition gives at once a short exact sequence and Proposition 13.31 
and Corollary 13.41 are particularly easy to apply. On the other hand we cannot 
expect any bound for /U max in the decomposable case. For the indecomposable case 
we have the following result. 

Theorem 3.6. Suppose the notation and situation of 13.11 and suppose that the 
characteristic of K is zero. Suppose that the sheaf of syzygies Syz(m) is indecom- 
posable on Y . Then 



and 



it t n / x d! + d 2 + d 3 

Vmaxifl, 12, J3) < \- g - 1 

/imin(/l, 72,73) > g + 1. 



Proof. See jl Theorem 9.1]. □ 

4. The degree of syzygies 

The notions of semistability and of minimal and maximal degree of a locally free 
sheaf S on a smooth projective curve Y refer to all locally free subsheaves of S 
(or quotient sheaves). However for a syzygy sheaf Syz(m) defined by homoge- 
neous primary elements ft, ■ ■ ■ , f n in a two-dimensional normal standard-graded 
TC-domain R we have the fixed polarization Oy(l) on Y = Proj R. It is then often 
easier to control the behavior of Syz(m) = Syz(0) Oy{m) instead of Syz(0) (g) C 
for all invertible sheaves C The (non-)existence of syzygies ^ for fi, ■ ■ ■ , f n of 
certain degree has many consequences on the structure of Syz(m) and hence on 
the corresponding tight closure problem. 

Remark 4.1. The global syzygies of Syz(m) obey the theorem of Riemann-Roch, 
that is, 

h°(Y, Syz(m)) - h\Y, Syz(m)) = ((n - l)m - d x - ■ ■ ■ - d n )5 + (1 - g)(n - 1) , 

where 5 = degOy(l) is the degree of Y and g is its genus. In particular, for 
m > dl +^-+ d ™ -\- SLzl there exist global syzygies ^ in Syz(m). 

Lemma 4.2. Suppose that the locally free sheaf S on the smooth projective curve 
Y of genus g over an algebraically closed field K does not have sections ^ 0. 
Then T(Y, S ® C) = for every invertible sheaf C of degree < —g. In particular 
\x{S)<g-\. 
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Proof. Suppose the contrary. Then we have a non-trivial morphism Ai — » S such 
that degAi > g. But due to the theorem of Riemann-Roch we have h° (Ai) > 
deg(TW) + 1 — g; hence the invertible sheaf Ai must have non-trivial sections, which 
gives a contradiction. □ 

Proposition 4.3. Let /i, . . . , f n denote homogeneous primary elements in a nor- 
mal two-dimensional standard- graded K -domain R of degree di, where K is an 
algebraically closed field. Suppose that Y = Proj R has genus g = g(Y) and degree 
5. 

(i) Suppose that there exists a syzygy / for the elements fi,...,f n of total 
degree k < (d\ + . . . + d n )/(n — 1). Then the sheaf of syzygies is not 
semistable. 

(ii) Suppose that there does not exist a syzygy / of total degree k. Then 

Ai(Syz(fc)) <g-l. 

(iii) Let n = 3. Suppose that there exists a syzygy ^ of total degree k < 
di+d2+d 3 _ g^T^ Then the sheaf of syzygies is decomposable, i.e., the sum 
of two invertible sheaves. 

(iv) Let n = 3 and suppose that there does not exist a syzygy ^ of total degree 
k > dl+d 2 2+d3 + Then Syz is semistable. 

Proof, (i) The syzygy ^ induces a non-trivial morphism Oy — ► Syz(/c), but the 
degree deg(Syz(/c)) = ((re — \)k — d\ — . . . — d n )5 < is negative; hence Syz(/j) is 
not semistable. 

(ii) The assumption means that S = Syz(A;) has no global sections ^ 0; hence 
Lemma l4~21 yields that Ai(Syz(/c)) < g — 1. 

(iii) Since Syz(/c) has a non-trivial section, the sheaf Syz(fc) contains the structure 
sheaf as a subsheaf and therefore /i m ax(Syz(fe)) > 0. On the other hand we have 
n(Syz(k))+g-l = {k- dl+d * +d * )8+g-l < 0, that is, /x(Syz(A:)) < 1-g. Therefore 
we have a short exact sequence — > C — > Syz(fc) — ► .M — ► where deg(£) > 
and deg(.M) < 2(1 — g). This extension corresponds to a class H l (Y,£ ® Ai^ 1 ) = 
H°(Y, C 1 ® M <g> uy) = 0; hence it is trivial. 

(iv) The numerical condition means that g — 1 < (fc — + c?2 + ^3))<5 = 
deg(Syz(/c))/2; hence from (ii) we get that Ai(Syz(/c)) < deg(Syz(fe))/2 and the 
sheaf of syzygies is semistable. □ 

We may derive from Proposition 14.3( 11) the following inclusion bound for tight 
closure. 

Corollary 4.4. Suppose the notation and situation of 13. II and that the character- 
istic of K is zero. Suppose that there does not exist a syzygy ^ of total degree 
k < di+d2+d, + g_i^ ThenR m C {fi, f 2 , hf holds for m > di + d 2 + d 3 - k + ^ . 

Proof. If Syz is semistable, then the result follows from Theorem II. 3( 111). If Syz 
is not semistable, then ^ m ax(Syz(A;)) = Ai(Syz(fc)) < g — 1 by Proposition I4.3f ii) 
and we get 

A t max(/l,/2,/3) = (^1 + d 2 + d 3 )5 - /i m i n (/l, f 2 , fa) 

= (di + d 2 + d 3 )5 + (Syz(0)) 

= (rfi + d 2 + d 3 )<5 + /u max (Syz(fc)) - kS 

< (d 1 + d 2 + d 3 -k)5 + g-l. 
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Hence under the numerical condition we have deg(/o) = m > /j. max (fi, /bj fs)/$ 
and the result follows from Theorem II. 3f i). □ 

Corollary 4.5. Let R = K[x,y, z]/(F) denote a normal two-dimensional stan- 
dard-graded K -domain over an algebraically closed field K, where F is a polynomial 
of degree 5. Let /i,/2,/3 £ R be R+-primary homogeneous elements of degree 
di ,d 2 ,d 3 . Suppose that there does not exist a syzygy ^ for /i,/2,/3 of total 
degree k with k > dl+d 2 2+d3 + ^ . Then Syz is semistable. 

Proof. This follows directly from Proposition I4.3f iv) . □ 

Remark 4.6. Corollary 14.51 is only applicable for k = dl+rf 2 2+rf3 + fe 3 -, since for 
greater k there exist global syzygies due to Remark 14.11 The same is true for 
Proposition I4.3f iv) . 

Example 4.7. We consider the elements x d ,y d ,z d on a smooth projective curve 
given by an equation F = 0, where F is a homogeneous polynomial of degree 5. 
There exist syzygies like (y d , —x d ,0) of total degree 2d. Suppose that there do not 
exist syzygies of smaller degree. Then the numerical condition in Corollary 14. 51 for 
semistability is that 2d— 1 > 3d/2 + (5 — 3)/2 or equivalently that 5 < d+1. If we 
want to apply Corollary 14.51 we have to make sure that the defining polynomial F 
of degree 5 does not yield syzygies of degree < 2d. 

Look at d = 2 and 5 = 3. If the monomial xyz does occur in F, then there do not 
exist syzygies of degree 3 and the syzygy sheaf is semistable. However this yields 
nothing interesting for tight closure, since then xyz € (x 2 ,y 2 ,z 2 ) holds anyway. 

Now look at d = 4 and 5 = 5. Under suitable conditions for the coefficients of 
F there does not exist a syzygy of degree 7 for x 4 ,y 4 ,z 4 . Write F = ax 3 y 2 + 
bx 3 yz + cx^z 2 + dx 2 y 3 + . . .. A syzygy of degree 7 is the same as a multiple FQ 
(deg(Q) = 2) which belongs to (x 4 , y 4 , z 4 ). The six monomials of degree 2 yield six 
linear combinations in the six monomials of degree 7 outside (x 4 , y 4 , z 4 ), namely 
x s y s z, x 3 y 2 z 2 , x 3 yz 3 , x 2 y 3 z 2 , x 2 y 2 z 3 and xy s z 3 . We may choose the coefficients 
of F in such a way that these linear combinations are linearly independent. Then 
there does not exist a syzygy of degree 7. So in this case the sheaf of syzygies 
is semistable. It follows for char(i^) = that Rq C (x 4 ,y 4 ,z 4 )*. Note that it is 
not true that Rq C (x 4 ,y 4 ,z 4 ), since there exist 10 monomials of degree 6 outside 
(ar, y 4 , z 4 ) in K[x,y,z]; hence the dimension of Rq/(x 4 , y 4 ,z 4 ) is at least 10 — 3. 

Remark 4.8. If S is a locally free sheaf of rank two, then we have the natural 
mapping 5©iS ->5A5 = det5. This mapping induces an isomorphism S = 
S v <8> det S. If S = Syz(m) is the sheaf of syzygies for three homogeneous elements 
/l, fz, h of degree dj, then 

(Syz(m)) v = Syz(m) ® (det Syz(m)) v = Syz(m) ® Oy{d x + d 2 + d 3 - 2m) 

= Syz(di + d 2 + d 3 - m) . 

The natural mapping Syz(m) © Syz(m) — ► det(Syz(m)) = Oy(2m — d\ — d 2 — d 3 ) 
is in terms of the injection Syz(m) C Oyim — d\) @ Oy(ra — d 2 ) © Oy(m — d 3 ) 
given by 

/ v /, , , s 92h 3 -93h 2 -g\h 3 +g 3 hi g\h 2 -g 2 h\ 
(51,52,53), {hi,h 2 ,h 3 ) 1 — ► = = . 

Jl J2 J3 
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A primary syzygy (51, 52, 53) G Syz(m) yields the quotient mapping Syz(m) — > 
Oy(2m - di - d 2 - da) which is given by (/ti, /t 2 , ^3) ^ =hm+hm _ 
If moreover /1 and / 2 are parameters, then the forcing class c = of an element 
/ of degree m is represented by the Cech-cocycle 

(^,-^,0)G/d 1 (y,Syz(m)). 
h h 

The quotient mapping sends this class to —-ffjq 6 fl^O^ 0y(2m — di — d 2 — ds)). 

Example 4.9. The existence of syzygies depends heavily on the characteristic. 
Consider x 100 , y 100 , z 100 on x 4 + y 4 + z 4 = 0. For char(X) = 5 we find 

(x 4 + y 4 + z 4 )2 5 =;E 100 +y 100 + z 100. 

hence there exists a syzygy of total degree 100 and in fact z 100 E (x 100 ,y 100 ) and 
therefore (x 100 , y 100 , z 100 )* = (x 100 , y 100 )*- 

For char(i^) = 37 we have (x 4 + y 4 + z 4 ) 37 = x 48 x 100 + y 48 y 100 + z 48 z 100 , which is 
a syzygy of total degree 148. This syzygy yields a short exact sequence 

— ► Oy (4) — ► Syz(152) — > O y — ► , 

where the last mapping is given by (51,52,53) •— > - — 9 ili7)o gl due to E,emark 14.81 
Due to Proposition I4..3f iii) the sheaf of syzygies is decomposable, and we show 
that this sequence splits. 

We may write z 100 = (— x 4 — y 4 ) 25 = x 48 52 — y 48 5i where g\ and 52 have degree 

52. We can build a syzygy (51,52,53) of degree 152 by 53 = zl to 2V — -, for 
then 

-(5 1 x 100 +g 2 5 100 ) -(51X 148 + 525 100 ^ 48 ) 

5,3 ~~ z ioo ~ x 48 Z 100 

gl ( y 148 + z 148 ) _ g2j/ 100 x 48 

~~ x 48 z 100 

5i^ 48 , 5i5 148 ~ 525 10 °x 48 

X 48 x 48 z 100 
9l z 48 y 100 

~ X 48 x 48 ' 

Therefore 53 may be written with denominators z and x; hence it is a global section 
of Oy(52). Hence (51,52,53) is a global syzygy of total degree 152 which maps to 
1, so the short exact sequence splits. 

The nonexistence of global syzygies implies the ampleness of the dual sheaf of the 
sheaf of syzygies. This observation then yields exclusion criteria for tight closure. 

Proposition 4.10. Let K denote an algebraically closed field of characteristic zero 
and let R denote a two-dimensional normal standard- graded domain. Suppose 
that fi, . . . , f n £ R are R + -primary homogeneous elements. Suppose that there 
does not exist a global syzygy ^ of total degree k for the elements fi,... ,f n - 
Set F(—m) := Syz(m) v . Then T{— m) is ample for m < k — ^-"1)6 9 + ~$- I n 
particular, J~{— m) is ample for m < k — 2g/5. 

Proof. We know by Proposition ^. ISf ii) that Ai(Syz(fc)) < 5— 1 and therefore dually 
that pi{T{— k)) > —5 + 1. Hence 

px{F(-m)) = px{F(-k)®0 Y {k-m)) = P i{F{-k)) + (k-m)5 > -g+l+(k-m)S . 
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The numerical condition is equivalent to —g + 1 + (k — m)5 > Hence 
p\(J-{— m)) > ^Ey <? and the result follows from [2J Corollary 2.2]. □ 

Corollary 4.11. Lei R = K[x,y, z]/(F) be a normal standard- graded K -domain 
over an algebraically closed field K of characteristic zero, where F is an irreducible 
polynomial of degree 5. Let fi, . . . , f n denote primary homogeneous elements of 
degree di. Suppose that there does not exist a global syzygy ^ for fx, ■ ■ ■ ,f n of 
total degree k. Then !F{— m) is ample for m < k — 5 + 2. An element fo E R of 
degree m < k — 5 + 2 belongs to (/i , . . . , f n )* if and only if it belongs to (/i , . . . , f n ) . 

Proof. We have m<k-5 + 2<k-(5- 2) (6 - l)/5 = k - 2g/5; hence the 
ampleness of J-(—rri) for m < k — 5 + 2 follows from Proposition 14.101 Now if 
/ is a homogeneous element of degree m < k — 5 + 2 such that / (/i, . . . , f n ), 
then / defines a non-trivial extension —* O — > T' —* J-{—m) — > and therefore 
J 7 ' is also ample (characteristic zero). Therefore ¥(J-') — ¥(J-(— to)) is affine and 
f?(fi,...,F n )* by (1.1). □ 

Example 4.12. We want to apply Proposition ^. lUl and Corollarv l4.11l to Example 
14.71 for d = 4, 5 = 5 under the condition that there does not exist a global syzygy 
of degree 7. 

Then Corollary 14.111 shows (k = 7, g = 6, n = 3) that J-(—m) is ample only 
for m < 7 — 5 + 2 = 4. The second bound in Proposition 14.101 gives this for 
m < 7 _ M = 4.6. The first bound in Proposition 14.101 however yields ampleness 
for m < = 7-i§ = 5.4. Therefore {x A , y A , z 4 )* n R m = (x 4 , y 4 , z 4 )nR m 

for m < 5. 

5. The existence of primary syzygies 

We suppose further that Syz is the sheaf of syzygies on a smooth projective curve 
Y = Proj R for homogeneous primary elements /1, . . . , f n £ R, where R is a two- 
dimensional normal standard-graded i^-domain over an algebraically closed field 
K. We say that a syzygy r G T(Y, Syz(m)) is a primary relation if it has no zero 
on Y or, equivalently, if r : Oy — > Syz(m) defines a subbundle. For a primary 
syzygy we get a short exact sequence — ► Oy — > Syz(m) — > Q — > 0, where Q is 
also locally free. 

Corollary 5.1. Suppose the situation and notation of 13.11 Suppose that there 
exists a primary syzygy of total degree k. Then this syzygy gives rise to a short 
exact sequence 

-» Oy -> Syz(fc) -> O y (2A: - di - d 2 - ds) . 

If k > <k±<k±d2. ; then R m C (/i,/ 2 ,/ 3 )* /10/ds /or m > k. The same holds in 
positive characteristic for the plus closure. 

Ifk < {d 1 + d 2 + d 3 )/2, then Ai(Syz(A;)) = and pi (Syz(fc)) = {2k-d 1 -d 2 -d 3 )5 < 
0. 

J/ moreover k = {d\+ d 2 + d 3 )/2, then the sheaf of syzygies is strongly semistable. 

Proof. The primary syzygy yields an invertible quotient sheaf which is isomorphic 
to detSyz(A:). For k > d ^+ d ^ +d 'i this quotient sheaf has degree > and we are in 
the situation of Proposition I3.3f iv) and (v). 

Now suppose k < (di + d 2 + d 3 ) /2. We have deg(Oy ) = > k - (d 1 + d 2 + d 3 )/2 = 
/x(Syz(/c)); hence we are in the situation of Lemma 13.21 If k = (di + d 2 + d 3 )/2, 
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then Syz(&) is the extension of the structure sheaf by itself; hence its degree is 
and this follows again from Lemma 13.21 □ 

Example 5.2. Consider a Fermat polynomial x k + y k + z k G K[x,y,z] and let 
R = K[x,y, z]/(x k + y k + z fc ). Let / = x dl , g = y d ' 2 ,h = z d:i such that di < k 
and d± + d 2 + d^ < 2k. Then (x k ~ dl , y k ~ d ^ : z k ~ d 'i^ j s a primary syzygy of total 
degree k. Therefore by Corollary 15 . 1 1 we get R>k Q (x rfl , y d2 , z di )* and we also get 
-R>fc ^ (x dl , y^ 2 , z rf3 ) +gr in positive characteristic. 

Corollary 5.3. Suppose the situation and notation of 13.11 Suppose that there 
exists a primary syzygy of total degree k < (d\ + d2 + d%)/2. Suppose that the 
characteristic of the algebraically closed field K is zero or p > 0. Let /q G R be a 
homogeneous element of degree deg(/o) = m. Then the following hold. 
If rn < k, then f G (/i,/ 2 , /a)* if and only if f G (/i, / 2 , / 3 )- 
Ifm>d 1 + d 2 + d 3 -k, then f G (/i, / 2 , / 3 )*. 

Proof. From Corollary 15.11 we get the short exact sequence — ► 0y(m — k) — > 
Syz(m) — > Oy(m + — di — d 2 — d 3 ) — > 0, where deg(0y (m — k)) > //(Syz(m)) > 
deg(0y(m + k — d\ — d 2 — cfe))- Thus we are in the situation of Corollary 13. 4f i) 
and (iv). □ 

We may also deduce a result about the plus closure. 

Corollary 5.4. Suppose the situation and notation of l3.ll and suppose that K has 
positive characteristic. Suppose that there exists a primary syzygy of total degree 
k<(d 1 + d 2 + d 3 )/2. Then (/1, f 2 , / 3 )* = (/i,/ 2 , / 3 ) +gr . 

Proof. Let c G H l (Y, Syz(m)) denote the cohomology class of a homogeneous 
element /q S of degree m. We look at the sequence from Corollary 15.11 — > 
Oy(m — fc) — > Syz(m) — ► Oy(m + /c — di — <i 2 — d 3 ) — ► and run through the cases 
according to Corollary 13.41 If m > d\ + d 2 + c?3 — k, then /o G / 2 , follows 
from Proposition I3.3f v). So suppose that in < di + d 2 + ds — k. If the image of c 
in F 1 ^, Oy(m + k - d x - d 2 - d 3 )) is # 0, then / (/1, / 2 , / 3 )* byPi). So we 
may assume that c stems from e G .^(Y, CV(m — k)). If m > or c = 0, then the 
pull-back of e under a finite mapping is zero; hence /o G (/i,/ 2 ,/s) + - If m < 
and c / 0, then / /2, /a)* by Proposition ES^ii). □ 

Example 5.5. Consider the ideal (x 10 , y 10 , z 10 ) on the curve given by the equation 
x 4 + y 4 = z 4 . Due to Remark 14. II there exists a syzygy 7^ of degree 16. We have 



and 



z ™ = ( x 4 + y 4 ) 4 = x ™ + 4x 12 y 4 + 6x V + 4x 4 y 12 + y 16 



xV 2 = x 4 (x 4 + y 4 ) 3 = x 16 + 3x 12 y 4 + 3x 8 y 8 + x 4 y 12 



Therefore we may write 

z 10 (z G -2z 2 x A ) = -x 16 -2x 12 y 4 +2x 4 y 12 +y 16 = x 10 (-x 6 -2x 2 y 4 )+y 10 (2x 4 y 2 +y 6 ) ; 

hence we have the syzygy (z 6 — 2z 2 x 4 , x 6 + 2x 2 y 4 , — 2x 4 y 2 — y 6 ) of total degree 16. 
This syzygy is primary: if x = or y = 0, then x = y = z = 0, so suppose x, y 7^ 0. 
Then x 4 + 2y 4 = and 2x 4 + y 4 = which gives 3x 4 = 0; hence the syzygy has no 
common zero (in characteristic 7^ 3) and is therefore primary. We have therefore 
the short exact sequence 

— > O y — ► Syz(16) — * Oy(2) — ► 
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and it follows from Corollary 15 . II that P>i6 C (x 10 , y 10 , z 10 )*. We tensor this short 
exact sequence with 0(k — 16) and dualize it to get 

— ► Oy(14 — k) — ► Syz v (-k) — > 0y(16 - k) — ► . 

This shows that Syz v (— k) is ample for k < 13 as an extension of two ample 
invertible sheaves, therefore (x 10 , y 10 , z 10 )* n R<\3 = {x 10 , y 10 , z 10 ) n P<i3 holds in 
characteristic and p>0. If there does not exist a syzygy of degree 15, then this 
also holds for k = 14 due to Proposition 14.101 

Example 5.6. Let K denote an algebraically closed field and consider 

R = K[x, y, z]/(x s + ay 5 + bz 6 + cxz 6 ' 1 + dyz 6 ' 1 ) 

where a,b,c,d ^ are chosen such that Y = Proj R is smooth. Consider the 
syzygy sheaf for the elements x s , y s , z s . Then we have a syzygy of total degree 
5 + 1, given by (z, az, bz + cx + dy). Since 5 + 1 < ^ - ^ = t ~ S 7^' it: f° nows 
from Proposition I4.3f iii) that Syz is decomposable. 

The syzygy (z, az, bz + cx + dy) is primary if and only if cx + dy and x s + ay s have 
no common homogeneous zero. This is true if and only if ^ —a. If this is 

true, then we have the splitting Syz(<5 + 1) = Oy © Oy (— 5 + 2), where the second 
summand corresponds to a syzygy of total degree 25 — 1. We can find such a syzygy 
in the following way: There exists a polynomial P(x, y) in x and y of degree 5 — 1 
such that (cx + dy)P(x, y) = rx s + sy 5 . Then (P + rz" 5-1 , aP + sz 5 ^ 1 , bP) is a 
syzygy of total degree 25 — 1, since Px s + aPy 5 + rx s z s ~ 1 + sy^z 5 ^ 1 + bPz s = 
Px 5 + aPy 5 + Pbz s + Pcxz 5 ' 1 + Pdyz 5 " 1 = 0. 

Corollary 5.7. Let /i,/2,/3 £ K[x,y,z] be homogeneous polynomials of degree 
di,d2,dz such that d\ + c?2 + d$ = 2k is even and k > d{ for i = 1,2,3. Let 
91,92,93 £ K[x, y, z] be homogeneous of degree k — d\. Suppose that V(f\, /2, fa) = 
^(51,92,53) = V{x,y,z). Set F = f\gx + f 2 g 2 + f393 and suppose that R = 
K[x, y, z]/(F) is a normal domain. Then the sheaf of syzygies Syz(m) for f\, f 2 , fs 
on Y = Proj R is an extension of the structure sheaf by itself and is strongly 
semistable. In particular 

(/l,/2,/3)* = -R>fc + (/l,/2,/ 3 )- 

If furthermore the characteristic of K is positive, then (/1, f 2 , fs)* = (fi, f2, /s) +gr • 

Proof. The syzygy (gi,g 2 ,g3) is primary of total degree k; thus this follows from 
Corollary EU □ 

6. The tight closure of (x a ,y a ,z a ) in K[x, y, z]/(F) 

In this section we study the tight closure of (x a ,y a , z a ) in R = K[x, y, z]/ (F), where 
F is an irreducible homogeneous polynomial of degree 5 such that R is normal. The 
expected generic answer is by Theorem ll^l ni) that (x a ,y a , z a )* = (x a ,y a , z a ) + 
P>3 a - We have however to check that the sheaf of syzygies is semistable to obtain 
this result in characteristic zero, and in positive characteristic we have to do even 
more. Sullivant has made some computations implemented in Macaulay2 for the 
monomial ideals (x a ,y a ,z a y for a = 2,3,4 for small prime numbers p and small 
degree 5 for the Fermat equations x s + y s + z s = (see [22] ) . These computations 
have led him to conjectures about the behavior of the tight closure; we will prove 
some of his conjectures. 
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The homogeneous ideal generators x a , y a , z a yield the sheaf of syzygies Syz(m) = 
Rel(x a ,y a , z a )(m) on the smooth projective curve Y = Proj R C P 2 . This sheaf 
is the restriction of the sheaf of syzygies Syz p2 (m) = Relp2(x a ,y a , z a )(m) on the 
projective plane. On P 2 we have the presenting sequence 

— ► Syz p2 (m) — ► O p2 (m - a) ^Htf p2 (m) — ► 

3 

and the exact sequence (from the Koszul complex) 

— ► Op2 (m — 3a) — > p2 (m — 2a) — ► Syz p2 (m) — ► , 

3 

where the surjection is given by the standard syzygies 

(-y a ,x a ,0), (z a ,0,-x a ), (0,-z a ,y a ) 

and the injection by 1 i— > (z a ,y a ,x a ). Since the sheaves in these short exact 
sequences are locally free, their restrictions to a curve are also exact (they are 
subbundles). 

Lemma 6.1. Let F G K[x,y,z] denote an irreducible homogeneous polynomial 
of degree 5 and suppose that it defines a smooth projective curve Y . Let Syz(m) 
denote the sheaf of syzygies on Y for the elements x a ,y a ,z a , a > 1. Then every 
syzygy G T(Y, Syz(fc)) for k < 5 is a linear combination of the three standard 
syzygies (—y a ,x a ,0), (z a ,0,—x a ) and (0, — z a , y a ). In particular r(Y, Syz(fc)) = 
for k < 2a, 5. 

Proof. On P 2 we have the exact sequence 

— ► O p2 (-a) — > O p2 — ► Syz p2 (2a) — ► , 

3 

where the surjection is given by the standard syzygies. This surjection is also 
globally a surjection. We tensor the exact sequence for Y C P 2 , that is, 

— ► O p2 (-o) O p2 — > O y — ► , 

with Syz p2 (fc), and by applying T(P 2 , — ) we get 

r(P 2 ,Syz p2 (A;)) — T(P 2 ,Syz y (A:)) — , ^(P 2 , Syz p2 (fe - S)) . 

We want to show that the term on the right is zero. By the presenting sequence 
for the syzygies we get 

— ► Syz p2 (fe -5) — > O p2 (A; - 5 - a) — ► O p2 (fc -5) — ► 

3 

and hence 

T(P 2 ,O p2 (A;-o)) — > F 1 (P 2 ,Syz p2 (A;-o)) — > ^(P 2 , O p2 (k - 5 - a)) = 

3 

shows that T(P 2 , Syz p2 (/c)) — ► r(P 2 , Syz y (k)) is surjective for k < 5. Then the 
statements follow since they are true on P 2 . □ 

Proposition 6.2. Let F G K[x, y, z] denote a polynomial of degree 5 > 3a — 1 and 
suppose that it defines a smooth projective curve Y . Then the sheaf of syzygies 
Syz(m) for the elements x a ,y a ,z a is semistable. 
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Proof. Suppose that there exists an invertible subsheaf C C Sjz(5 — 1) of degree 
> /i(Syz(5 - 1)) = ^-i)' 3 ^ = (5 - 1 - |a)<5. Then 

deg(£) + l- 5 > (f-i-^ + i- ^- 1 ^- 2 ) 

r/r - 3 (5 — 3, r .<5 3 1. 
= W-l-2 a ~— ) = ^-2° + 2 ) - 
This expression is > for 5 > 3a — 1; hence due to the theorem of Riemann- 
Roch the invertible sheaf C has global sections ^ 0. Therefore we look at the 
global sections of Syz(<5 — 1) and study their zeros in order to get a bound for the 
maximal degree of a subbundle. 

We use the inclusion Syz(<5 - 1) C Oy(S- a - 1) © O y {5 - a- 1) © Oy{5- a- 1) 
and think of a global syzygy S £ r(Y, Syz(<5 — 1)) as given by three polynomials 
(Si, S2, S3) of degree 5 — a — 1. By Lemma Wl\ we know that the global syzygies 
of total degree 5 — 1 are of the form 

(Si, S 2 , S 3 ) = A(-y a , x a , 0) + B(-z\ 0, x a ) + C(0, z\ -y a ) , 

where A, B, C are homogeneous polynomials in K[x, y, z] of degree 5 — 2a — 1. A 
syzygy Oy — ► Syz(c) — 1) has a zero if and only if the three components Si = 
Ay a + Bz a , S2 = Ax a + Cz a and S3 = Bx a — Cy a have a common zero. We have 
to show that the number of zeros (with multiplicities) of such a syzygy is bounded 
by the slope of Syz(5 — 1), that is, by (5 — 1 — |a)<5. We write 

Si = Ay a + Bz a = QiP and S 2 = Ax a + Cz a = Q 2 P , 

where Q\, Q2 have no common divisor, deg(Qi) = deg(Q2) = t. We assume first 
that a < t < 5 — a — 1. The number of zeros of the syzygy on the curve given by 
F = is then bounded by (F and P have no common divisor, since F is irreducible 
of degree 5 > deg(P)) 

deg(P)5 + deg(Qi) deg(Q 2 ) = (5 - a - 1 - t)5 + t 2 . 

We claim that t 2 < 5(t - \a). We can check this at the boundaries t = a and 
t = 5 — a — 1. For t = a this is the inequality a 2 < 5a/ 2, which is true since 
5 > 3a — 1 > 2a for a > 1. For t = 5 — a — lwe have to show that (<5 — a — 1)(5 — 
a — 1) < 5(5 — fa — 1), which yields the condition a 2 + 2a + 1 < 5(1 + a/2). But 
this is true since 5 > 3a — 1 and <5 > 1. 

The claim implies that — 5(a + t) + t 2 < — |a<5. Therefore we have 

(5 - a - 1 - t)5 + t 2 = (5 - 1)5 - 5(a + t)+t 2 < (5 - 1)5 - ^a5 . 

Assume now that t < a. We may assume that the powers z b , b > a, do not occur 
in the polynomial A, since z a (— y a , x a , 0) = y a (—z a ,0,x a ) + x a (0, z a , — y a ). From 
Q2S1 = Q1S2 we obtain the equation 

A(Q lX a - Q 2 y a ) = z a (Q 2 B - Q X C) . 

If z divides Q\x a — Q2V a , then it would also (since deg(Qi) = t < a) divide Q\ 
and Q 2 , but they are coprime. Hence z a divides A, but then A = 0. Therefore 
Q2B = Q\C and hence B = Q\D and C = Q2D, where D is a polynomial of 
degree 5 — 2a — 1 — t. A zero of the syzygy is given by DQ\z a = 0, DQ2Z a = and 
DQ 1 x a -DQ 2 y a = 0, hence by D = or by Q x z a = Q 2 z a = Qix a -Q 2 y a = 0. The 
polynomials Q\z a and Q\x a — Q2y a do not have a common divisor, since Q\ and 
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Q2 are coprime and since z does not divide Q\x a — Qiy a ■ Therefore the number 
of zeros is bounded by (8 - 2a - 1 - t)8 + (t + a) 2 . A gain we have to check that 
this is < (8 — 1 — |a)<5 and this is equivalent to (t + a) 2 < 8(\a + t). But this is 
true for t = a — 1 and t = 0. □ 

Corollary 6.3. Let K denote an algebraically closed field of characteristic zero. 
Let F £ K[x,y,z] denote an irreducible homogeneous polynomial of degree 8 and 
suppose that R = K[x, y, z]/(F) is normal. Then for 8 > 3a — 1 we have 

(x a ,y a ,z a T = (x a ,y a ,z a )+R> 3 _ a . 
Proof. This follows from Proposition 16.21 and Theorem II .3f iii) . □ 

We also obtain from 16.21 results in positive characteristic. We deduce first the 
following ampleness result. 

Corollary 6.4. Let F £ K[x,y,z] denote an irreducible homogeneous polynomial 
of degree 8 such that R = K[x,y, z]/(F) is normal. Let Syz(m) denote the sheaf 
of syzygies for the elements x a ,y a ,z a of total degree m on Y = Proj R. Suppose 
that 8 > 3a — 1 and that the characteristic of K is zero or p > 8 — 3. Then Syz(m) 
is an ample sheaf for m > |a. 

Proof. We will use the ampleness criterion of Hartshorne-Mumford for locally free 
sheaves of rank two on a smooth projective curve Y (see Proposition 7.5 and 
Corollary 7.7]). It states that S is ample provided that 

(i) deg(5) > |(<? — 1), where g is the genus of Y, 

(ii) every invertible quotient sheaf S — > C — > has positive degree, 

(in characteristic zero the first condition is just that deg(5) > 0). We have 
deg(Syz(m)) = (2m — 3a)5 > 8 and g— 1 = 6(8 — 3)/2; therefore the first condition 
is fulfilled for p > 8 — 3. The second condition follows from Proposition 16.21 by 
semistability we have deg(£) > /x(Syz(m)) > 0. □ 

Corollary 6.5. Let K denote an algebraically closed field of positive characteristic 
p and let F £ K[x,y,z] denote a homogeneous polynomial of degree 8 such that 
R = K[x,y, z]/(F) is a normal domain. Suppose that 8 > 3a — 1. Then the 
following hold for the Frobenius closure and the tight closure of (x a , y a , z a ). 

(i) R m C (x a , y a , z a ) F for m > |a and p > 8 — 3. 

(ii) R m C (x a , y a , z a y for m > |a and p > 8 - 3. 

(iii) (x a ,y a , z a )* n R m = (x a ,y a , z a ) n R m for m < |a and p > 0. 

Proof, (i) We know by Corollary 16 . 41 that the sheaf of syzygies Syz(m) is ample for 
m > |a and p > 8 — 3. Let c £ H 1 ^, Syz(m)) denote a cohomology class (given by 
an element /o £ R m )- An ample sheaf S on a smooth projective curve over an alge- 
braically closed field of positive characteristic is also cohomologically p-ample. This 
means that for every coherent sheaf T we have H l (Y, <8> F) = for i > 1 and 
q 3> 0, where denotes the Frobenius pull-back of S (see [7], [T7]). In particular 
the mapping H l {Y, Syz(m)) -» F 1 ^, q* Syz(m)) = H 1 (Y, Syz(x a i ,y a i , z a ")(qm)) 
is for g>0. Hence c 9 = and therefore f q £ (x ag , y aq , z aq ). This means that / 
belongs to the Frobenius closure of (x a ,y a ,z a ). 

(ii) This follows from (i). 

(iii) We have Syz(m) v = Syz(m) (£> Oy (3a — 2m) = Syz(3a — m), so for m < |a the 
dual sheaf F(—m) = Syz(m) v is ample. A cohomology class c £ H 1 {Y,Syz(m)) 
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defines an extension — > O y — > T' — > J-(—m) —* 0. In characteristic zero and for 
c / this extension T' is also an ample sheaf. This is then also true for p> 0; 
hence the complement ¥(J-') — ¥(J-(—m)) is an affine scheme for p > 0. This 
means that / (x a , y a , z a )* for j)>0 with the exception that c = 5(f) = 0, which 
means that f £ (x a ,y a , z a ). □ 

Remark 6.6. Note the difference between a even and a odd. For a odd the critical 
value |a is not the degree of a polynomial and so Corollary 16.51 gives a complete 
answer for the tight closure of (x a , y a , z a ) . This also explains that Sullivant's 
algorithm works much better for degree 3 than for degree 2 or 4. 

Remark 6.7. The result in Corollary 16. 5f i) is under the much stronger condition 
m > 2a easy to prove using the Koszul resolution. This yields the surjection 

@H\Y,0 Y ((m - 2a)q)) - H 1 (Y, Syz(x aq ,y aq , z aq )(mq)) -> 
3 

and h x (0 Y ((m - 2a)?)) = h (O Y ((2a - m)q) ® O y (5 - 3)) = for ? > 0. 

Remark 6.8. The results above imply in particular Sullivant's conjectures 4.2 
and 4.5 about the behavior of (x 3 , y 3 , z 3 )* (a = 3) in the Fermat rings for 5 > 8 
and p> 0. For degree 5 > 4 see Section |7| 

We close this section with an easy observation concerning the strong semistability 
of the sheaf of syzygies. 

Proposition 6.9. Let Syz(m) denote the sheaf of syzygies for the elements x a ,y a , 
z a on the Fermat curve given by x s + y s + z s = over an algebraically closed field 
of positive characteristic p. Suppose that > 5q' > aq for prime powers q and 
q' of p. Then Syz is not strongly semistable. 

Proof. The pull-back of Syz(x a , y a , z a )(0) under the k-th Frobenius morphism, 
q = p k , is Syz(x aq , y aq , z aq )(0). Since 8q' > aq, we can use the ?'-power of the curve 
equation, that is, x 6q ' +y Sq> +z Sq ' = directly as the syzygy ^ x Sq'-aq^Sq'-aq^ z 6q'-aq^ 
for x aq ,y aq ,z aq of total degree 5q' . This gives a non-trivial morphism O y — > 
Syz(x aq ,y aq , z aq )(5q'). The slope on the right is 5q' — |a? < 0, so this sheaf of 
syzygies is not semistable. □ 

Remark 6.10. The condition in Proposition 16.91 means either ^p k > 5 > ap k 
or > 5p k > a. For 5p k > |a we get from a similar argument that R>$ p k C 
(x a ,y a ,z a )* (and even in the plus closure). 

7. The tight closure of (x 2 ,y 2 ,z 2 ) and (x 3 ,y 3 ,z 3 ) 

We continue with the computation of (x a ,y a , z a )* in R = K[x, y, z]/(F), where F 
is an irreducible homogeneous polynomial of degree 5 such that it! is normal. We 
deal first with the case a = 2 and consider also the behavior for small degrees and 
small prime numbers p. The computation of (x 2 ,y 2 ,z 2 )* is in fact a question of 
whether xyz £ (x 2 ,y 2 ,z 2 )* holds or not. 

If the degree of F is one, then we may write x = ay + bz and hence xyz = 
ay 2 z+byz 2 G (x 2 ,y 2 , z 2 ), so xyz belongs to the ideal itself. Suppose that the degree 
of F is two; hence F defines a quadric. Suppose first that at least one of the mixed 
monomials xy, xz, yz occurs in F, say xy. Then the multiple zF shows again that 
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xyz £ (x 2 , y 2 , z 2 ). If however F = ax 2 + by 2 + cz 2 , then K[x, y, z]/(F, x 2 ,y 2 , z 2 ) = 
K[x,y,z]/(x 2 ,y 2 ,z 2 ) and xyz (x 2 ,y 2 ,z 2 ). If F is irreducible (a,b,c / 0), then 
Spec i? is a normal cone over the projective line; hence it is F-regular and xyz 
(x 2 , y 2 , z 2 )*. If F is the product of two linear forms, then xyz £ [x 2 ,y 2 , z 2 )* , since 
this (even £ (x 2 , y 2 ,z 2 )) is true on the two planes and the containment to the solid 
closure may be checked on the components. 

Now suppose that F S K[x,y,z] has degree 3 and defines an elliptic curve Y. If 
the coefficient of F in xyz is not zero, then of course xyz 6 (x 2 , y 2 , z 2 ). Thus we 
may write F = Sx 2 + Ty 2 + Uz 2 , so that (S, T, U) is a homogeneous syzygy for 
(x 2 ,y 2 ,z 2 ) of total degree 3. If this syzygy is primary, i.e., V(S,T,U) = V(R+), 
then we have a short exact sequence 

— ► O y — > Syz(3) — ► Oy — ► 

and therefore Syz is semistable on the elliptic curve Y. Hence xyz € {x 2 ,y 2 , z 2 )* . 
If however the syzygy (S, T, U) is not primary, e.g., for F = x 3 + y 3 + (x + ay)z 2 , 
then we have a decomposition Syz(3) = O(P) © 0{—P) (P a point) and xyz 
(x 2 ,y 2 ,z 2 )*, since if 1 (^Syz(3)) = F^^of-P)) and by Proposition E3f2). 

We now examine the case where the equation of the curve is given by a polynomial 
of degree 4. Note that Proposition 16.21 gives the semistability only for 5 > 5. 

Lemma 7.1. iei i 7 £ K[x,y,z] denote an irreducible homogeneous polynomial 
of degree 4 and suppose that it defines a smooth projective curve Y . Let Syz(m) 
denote the sheaf of syzygies on Y for the elements x 2 ,y 2 ,z 2 . Then Syz(m) is 
semistable. 

Proof. Suppose that £ — ► Syz(3) is non-trivial with deg(£) > 0. Then L®Oy (1) — > 
Syz(4) is non-trivial and deg(£(l)) > 5; hence £(1) has global sections ^ due to 
the theorem of Riemann-Roch. It is then enough to show that every non-trivial 
global section Oy — > Syz(4) has at most four zeros (counted with multiplicities). 
Such a section is given by a syzygy S = (S±, 82,83), where the Si are homogeneous 
polynomials of degree 2. Since T = Sxx 2 + S 2 y 2 + S 3 z 2 = on the curve, we have 
T = XF in K[x,y,z], A G K. 

The zeros of the section S are the common zeros of (Si, S2, S3). If two of the 
Si,S2,Ss have no common divisor, say Si and S2, then V+(S\) D F + (S2) consists 
of four points (counted with multiplicities). 

So suppose that Si,S2,Ss have together one common linear factor P. Then we 
may write P(Q 1 x 2 + Q 2 y 2 + Q3Z 2 ) = XF in K [x, y, z]. For A / the polynomial 
F would be reducible, which is excluded. Hence A = 0. Here P = would imply 
that we are dealing with the zero syzygy; hence {Qi,Q2,Qz) is a global syzygy 
of degree 3. But these are all trivial due to Lemma 16.11 hence this case is not 
possible. 

So suppose that the Sj have pairwise one common linear factor. Then the common 
zeros of Si, S2, S3 are the three intersection points of the triangle. □ 

Remark 7.2. The global sections of the sheaf of syzygies Syz(x 2 , y 2 , z 2 )(4) on a 
curve of degree 4 depend heavily on the curve equation F = 0. We always have 
the standard syzygies and their linear combinations, but every way of writing 
F G (x 2 ,y 2 ,z 2 ) yields also a syzygy. 
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Corollary 7.3. Let K denote an algebraically closed field of characteristic zero. 
Let F G K[x,y,z] denote an irreducible homogeneous polynomial of degree 5 = 4 
and suppose that R = K[x, y, z}/ (F) is normal. Then xyz G (x 2 ,y 2 , z 2 )* . 

Proof. Lemma 17.11 shows that the sheaf of syzygies is semistable; hence the nu- 
merical criterion Theorem EH hi) shows that R> 3 C (x 2 ,y 2 ,z 2 )*. □ 

Example 7.4. We have a closer look at the Fermat quartic F = x 4 + y 4 + z 4 , 
char (A') ^ 2. We consider the syzygy for x 2 ,y 2 , z 2 of total degree 4 given by 

(-y 2 - z 2 ,x 2 + V2iz 2 ,x 2 - V2iy 2 ) = (-y 2 , x 2 , 0) + (-z 2 , 0, x 2 ) + V2i(0, z 2 , -y 2 ) . 

For z = this syzygy has no zero on the curve. For z/Owe find the four zeros 

z = 1, y = +/ — i, x = +/ — \f2\f^i 

and no more. Denote them by Pi, P2, P3, P4 and let £ = P\ + P2 + P3 + P4 be 
their Weil divisor. The syzygy Oy — > Syz(4) then factors through Oy — » Oy (£) — > 
Syz(4) and we get an invertible subsheaf of Syz(4) without zero, hence a subbundle. 
This yields a short exact sequence 

— ► 0y(E) ® Oy(-l) — ► Syz(3) — > Oy(-S) ® Oy(l) — > . 

The degree on the left and on the right is 0. From this it follows not only that 
Syz(m) is semistable, but also that it is strongly semistable by Lemma l3.2l Hence 
xyz G (x 2 , y 2 , z 2 )* holds on x 4 + y 4 + z 4 = in positive characteristic p > 3 also. 

Remark 7.5. Note the difference between the sequence in degree three and in 
the Fermat example of degree four. Both show that Syz is strongly semistable but 
not stable. The first sequence shows at once that xyz G (x 2 , y 2 , z 2 ) + , which is not 
clear at all in Example 17.41 

Example 7.6. Let F = zx s + xy 3 + yz 3 = 0. If we consider this equation as a 
syzygy for x 2 , y 2 , z 2 , then this has exactly three zeros (as in the last part of the 
proof of Lemma 17. lj) . We get a sequence 

0^O(P 1 + P 2 + P 3 -H) ^Syz(3) ^0{H-P 1 -P 2 -P 3 ) ^0. 

Is Syz(3) stable? Is it strongly semistable in positive characteristic? 

We look now at the situation of deg(-F) = 5 > 5. We know that xyz G (x 2 ,y 2 , z 2 )* 
holds in R = K[x,y, z]/(F) for deg(F) = 5 > 5 in characteristic zero due to 
Corollary 16.31 This is in general not true in positive characteristic. It is not even 
clear whether or not xyz G (x 2 ,y 2 , z 2 )* holds on x s + y s + z s , 5 > 5, for infinitely 
many or almost all prime characteristics. 

Example 7.7. We consider the ideal (x 2 , y 2 , z 2 ) on the curve given by x 7 + y 7 + 
z 7 = for characteristic p = 3. The curve equation gives at once a global syzygy 
for the elements x 6 , y 6 , z e (the third power of x 2 , y 2 , z 2 ) of total degree 7. Therefore 
we have the short exact sequence — > Oy — > Syz(x 6 , y 6 , z 6 )(7) — ► 0y(— 4) — ► 
showing that Syz(x 2 , y 2 , z 2 ) is not strongly semistable (see also Proposition 16. 9|) . 
To decide whether xyz G (x 2 , y 2 , z 2 )* holds, we have to look at 

0^Oy(2) ^Syz(x 6 ,y 6 ,z 6 )(9) — CV(-2) — »0. 

The element (xyz) 3 yields the cohomology class 

(^, -^#,0) G ff 1 ^, Syz(x 6 , y 6 , , 6 )(9)) , 
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which maps to * = G fl^Y, 0y(-2)) by Remark Ol This class is not 
zero. Therefore the (dual) extension — > Oy — > Q — > Oy(2) — ► given by this 
class is not trivial. From this and from deg(Q) = 14 > |(15 — 1) we see that Q is 
ample. Hence z 4 (x 3 ,y 3 )* and then xyz (x 2 ,y 2 ,z 2 )* also. 

We now look at (x 3 ,y 3 ,z 3 )* in order to extend the results from the last section 
for the Fermat equations x s + y s + z s = of low degrees. For 5 = 1,2 we have 
(x 3 ,y 3 ,z 3 y = (x 3 ,y 3 ,z 3 ). For 5 = 3 we have (x 3 ,y 3 ,z 3 )* = (x 3 ,y 3 )* = (x 3 ,y 3 ) + 

R>Q. 

Example 7.8. For x 4 + y 4 + z 4 = we have the short exact sequence — ► 
Oy — ► Syz(4) — > Oy (— 1) — > given by the syzygy (x, y, z). Therefore the sheaf of 
syzygies Syz(m) for x 3 ,y 3 ,z 3 is not semistable on the Fermat quartic. The sheaf 
Syz(5) is also not ample. It is however the extension of two invertible sheaves of 
degree > 0; hence it follows by Proposition 13.31 that i?>5 C (x 3 , y 3 , z 3 )* and also 
that R>5 C (x 3 , y 3 , z 3 ) + in positive characteristic. 

Example 7.9. For x 5 + y 5 + z 5 = we have the short exact sequence — » Oy — > 
Syz(5) — > Oy(l) — > given by the syzygy (x 2 ,y 2 , z 2 ). This extension is not trivial, 
since there does not exist a non-trivial mapping Oy — > Syz(4). Therefore the sheaf 
Syz(5) is ample in characteristic zero and hence also for p>0. To obtain a bound 
for the prime number, we use the criterion of Mumford-Hartshorne. Suppose that 
there exists an invertible quotient sheaf Syz(5) — > C — » of deg(£) < 0. The 
exact sequence shows at once that C = Oy and hence that it would split. Hence 
it follows that (x 3 , y 3 , z 3 )* = (x 3 ,y 3 , z 3 ) + R> 5 for p > 2. 

Proposition 7.10. Let R = K[x,y, z]/(x s + y s + z s ) and let Syz(m) denote the 
sheaf of syzygies for the elements x 3 ,y 3 ,z 3 of total degree m. Then Syz(5) is an 
ample sheaf for 5 > 5 and p > 5 — 3 (or characteristic zero). 

Proof. The result follows for 5 > 8 from Corollary 16. 41 and for 5 = 5 from Example 
17.91 So suppose that 5 = 6 or = 7. We apply the criterion of Hartshorne-Mumford; 
thus we assume that the invertible quotient sheaf Syz(5) — > L — > has degree < 0. 
Then there exists an invertible subsheaf of Syz(5) of degree > 5. Then Syz(6) 
contains an invertible subsheaf A4 of degree > 25 and Syz(7) contains an invertible 
subsheaf M of degree > 35. From Riemann-Roch we see that these subsheaves of 
Syz(<5) have non-trivial global sections. 

Let 5 = 6 and consider a global syzygy of total degree 6. It is given by S\x 3 + 
5*2y 3 + S3Z 3 = XF on the curve. The Si do not have a common divisor, for then 
A = and the syzygy would be a multiple of a syzygy of Syz(fc), k < 5, but these 
are zero. This implies that the polynomials S± and S2 (say) have at most a linear 
form in common. Then the number of zeros is bounded by 6 + 4 or by 9; hence it 
is < 12. 

Consider now 5 = 7 and let S lX 3 + S 2 y 3 + S 3 z 3 denote a syzygy on the curve of 
total degree 7; hence deg(5'j) = 4. The three polynomials together have a common 
divisor of degree at most 1, since T(Y, Syz(5)) = 0. So two of the polynomials, 
say Si and S2, have a common divisor C of degree t at most 2. If t = 2, then the 
number of zeros is bounded by 2 • 7 + 4; if t = 1, then it is bounded by 7 + 9; and 
for t = it is bounded by 16, so in any case < 21. □ 
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